Abstract. In this paper, we study geometric properties of quotient spaces of proper Lie groupoids. First, we construct a natural stratification on such spaces using an extension of the slice theorem for proper Lie groupoids of Weinstein and Zung. Next, we show the existence of an appropriate metric on the groupoid which gives the associated Lie algebroid the structure of a singular riemannian foliation. With this metric, the orbit space inherits a natural length space structure whose properties are studied. Moreover, we show that the orbit space of a proper Lie groupoid can be triangulated. Finally, we prove a de Rham theorem for the complex of basic differential forms on a proper Lie groupoid.
Introduction
Proper Lie groupoids are natural generalizations of proper Lie group actions on manifolds. They appear naturally in foliation theory, cf. [Mol1, MoMr] , and also Poisson geometry cf. [Wei02] . Orbit spaces of proper Lie group actions and their stratification theory are well studied in the mathematical literature (cf. [Pfl01a] and references therein). However, much less is known about the quotient spaces -sometimes called "coarse moduli spaces" -of general proper Lie groupoids. The goal of this paper is to fill this gap. Interestingly, some of our results seem to be new even in the case of a proper Lie group action.
We first study the stratification theory of such quotient spaces. In principle, Zung's linearization theorem [Zun] for proper Lie groupoids gives a powerful tool to address this question, but it requires the groupoid to be source locally trivial and to have orbits of finite type. Under these assumptions Dragulete, cf. [Dra] , proved that the quotient space is indeed a Whitney stratified space. However these conditions seem unnatural and impose some restrictions on the applicability of such a theorem as there are examples of proper Lie groupoids which do not satisfy the "finite type" condition, cf. [Wei02] . Here, we prove a full generalization and show that the quotient space of any proper Lie groupoid carries a canonical Whitney B stratification together with a system of smooth control data. The main ingredient of our proof is a careful study of a neighborhood system of an orbit from which we are able to drop the assumptions of "finite type" and "source locally trivial". Our analysis also shows that even as a stratified space the quotient space of a proper Lie groupoid depends only on the Morita equivalence class of the underlying groupoid.
Next, we study the metric properties of such quotient spaces. For this purpose, we introduce the notion of a "transversally invariant riemannian metric" on a Lie groupoid. In contrast to the case of a manifold with a proper Lie group action, the definition of an invariant metric does not generalize straightforwardly to an arbitrary Lie groupoid, since there is no canonical representation of a Lie groupoid on its tangent bundle. Therefore, a transversally invariant riemannian metric is only required to be invariant with respect to the action of the groupoid on the normal bundle to each orbit, which by contrast is canonically defined.
We prove that any proper Lie groupoid admits a transversally invariant riemannian metric, even a complete one. Among the main consequences of this are the following two results:
• (Proposition 6.4) The unit space of the groupoid carries the structure of a singular riemannian foliation in the sense of Molino [Mol1] with leaves given by the connected components of the orbits. When the groupoid is s-connected, the leaves coincide with the orbits.
• (Theorem 4.1) For any orbit O, there exists a "metric tubular neighborhood" T The latter theorem is the above mentioned strengthening of the slice theorem of Zung and Weinstein. An important point is that the metric tubular neighborhood need not be invariant. However, combining both results above, we are able to prove that invariant metric tubular neighborhoods exist for a compact orbit in an sconnected proper Lie groupoid. This implies that in such a groupoid, any compact orbit is stable, cf. Proposition 6.7.
In the special case that the quotient space of a proper Lie groupoid happens to be smooth, one easily shows that a transversally invariant riemannian metric descends to the quotient turning the canonical projection into a riemannian submersion. In the general case where the quotient is singular, we use the two results above to define a natural metric on the quotient space of a proper Lie groupoid, and prove that the canonical projection is a submetry. This property implies that the quotient space is a length space, and even an Alexandrov space if the riemannian curvature of the transversally invariant riemannian metric is bounded below.
Using our previous results on the existence of smooth control data for quotient spaces of proper Lie groupoids we succeed to show that these spaces can be triangulated. This result has significant topological consequences. In particular, it entails that the orbit space of a proper Lie groupoid has arbitrarily fine good coverings.
Finally, we consider the cohomology of the quotient space. There exists a natural generalization of basic cohomology of foliations to the category of Lie groupoids, which is invariant under Morita equivalence. Using our previous result on the triangulability of the quotient space we prove a de Rham theorem for the basic cohomology of a proper Lie groupoid and show that it is finite dimensional in the compact case. This result can be viewed as an analog of Schwarz's [Schw72] de Rham theorem for a compact orbispace. This paper is organized as follows. For the convenience of the reader and to explain some notation we recall in Section 2 several basic concepts of the theory of stratified spaces. In Section 3, we recall Zung's linearization theorem for proper Lie groupoids [Zun] and prove some useful local properties of proper Lie groupoids. In particular, we show that every proper Lie groupoid has a transversally invariant riemannian complete riemannian metric η. For a transversally invariant riemannian metric on the underlying proper Lie groupoid we prove in Section 4 a metric tubular neighborhood theorem thus improving the slice theorem for groupoids from [Wei02] . The natural stratification and control structure of the quotient space of a proper Lie groupoid is constructed in Section 5. After that, we show in Section 6 that a transversally invariant riemannian metric on a proper Lie groupoid induces a length space metric on the quotient space such that the quotient map becomes a submetry. Using the stratification and control structure from Section 5 we derive in Section 7 that the quotient space even carries a triangulation. As an application, we discuss in the final Section 8 the basic cohomology of a proper Lie groupoid and prove a de Rham theorem.
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Stratified spaces and smooth structures
We briefly recall the definitions of a stratified space by Mather [Mat73] . Let X be a paracompact Hausdorff space with countable topology. Definition 2.1. A decomposition of X consists of a locally finite partition Z of X into locally closed subspaces (called pieces) S ⊂ X satisfying the following conditions:
(DC1) Every piece S of Z is a smooth manifold with the induced topology, (DC2) If R ∩ S = ∅ for a pair of R, S ∈ Z, then R is contained in S. R is called incident to S and this is written as R ≤ S.
In this definition, we allow manifolds to have connected components of different dimensions. Although this could be avoided in the rest of the paper by refining partitions in each step by taking connected components, we have chosen this convention because it simplifies the notation.
A continuous map f : X → Y between decomposed spaces is called a morphism of decomposed spaces if for every piece S of Z X there is a piece R S ∈ Z Y such that the image of S under f is contained in R S , and the restriction map f | S : S → R S is smooth. For two decompositions Z 1 , Z 2 of a topological X, Z 1 is said to be coarser than Z 2 if the identity map is a morphism of decomposed spaces from (X, Z 2 ) to (X, Z 1 ).
Let x be a point of X. Two subsets A and B of X are taken to be equivalent at x ∈ A ∩ B if there is an open neighborhood U of x with A ∩ U = B ∩ U . The equivalent class of the all subsets that are equivalent the subset A ⊂ X is called the germ of A at x, and denoted by [A] x . Definition 2.2. A stratification of a locally compact topological Hausdorff space X is a mapping S which assigns to every point x ∈ X the germ S x of some closed subset of X which is locally induced by a decomposition. This means that for every x in X, there is a neighborhood U of x and decomposition Z| U of U such that for every point y ∈ U , the germ S y agrees with the germ of the piece S| U ∈ Z| U that contains y. A topological space X together with a stratification S is called a stratified space.
Every decomposition Z of a topological space X naturally defines a stratification by assigning to every point x the germ S x of the piece in Z that contains x. One can show that every stratified space (X, S) has a unique decomposition Z S such that for any open subset U of X and any decomposition Z over U the restriction of Z S is coarser than any Z. This decomposition is called the canonical decomposition of (X, S), and a piece of S is called a stratum of X.
Let (X, S) be a stratified space and Z S the family of its strata. A singular chart of class C m with m ∈ N ∪ {∞} is a homeomorphism ϕ :
from an open set U of X to a locally closed subspace of R n such that for every stratum S ∈ Z S the image ϕ(U ∩ S) is a submanifold of R n and the restriction
Hereby, we regard R ni , i = 1, 2 to be embedded into R n via the first n i coordinates. Analogously to the standard definition of an atlas for manifold, one can introduce the notion of a singular atlas for a stratified space. Definition 2.3. A set of pairwise compatible singular charts of class C m for a stratified space (X, S) is called a C m -atlas for X, if the domains of the singular charts cover X. A maximal atlas of singular charts of class C m for (X, S) is called a C m -structure of X. When m = ∞, we call it a smooth structure on X.
Example 2.4. Let G be a Lie group acting properly on a smooth manifold M . For x ∈ M , G x is the isotropy group of G action at x. It is easy to see that if x and y are in the same orbit of G action, then G x and G y are conjugate to each other. Define the orbit type of an orbit of the G action to be the conjugacy class of G x for x in the orbit. For a closed subgroup H < G, M (H) is the subset of M consisting of all x such that G x is conjugate to H. It is not difficult to show [Pfl01b, 4.3.7, 4.3.11 ] that the map x → M (Gx) defines a stratification of M by orbit types, and the map G · x → M (Gx) /G defines a stratification of M/G. In fact, the connected components of the orbit types M (H) and M (H) /G define canonical decompositions of M and M/G inducing this stratification, cf. Section 5.2.1
Given a stratified space (X, S) with a smooth structure, one can construct a structure sheaf C ∞ X of smooth functions as follows. Let U ⊂ X be open, and define C ∞ X (U ) as the space of all continuous maps f : U → R which have the property that for every singular chart x : V → R n with U ∩ V = ∅ there exists a smooth map
Obviously, the spaces C ∞ X (U ) form the section spaces of a sheaf C ∞ X on X. The pair (X, C ∞ X ) then becomes a so-called (reduced ) differentiable space (see [GoSa] ), in particular Sec. 3.2, for the definition and more information on differentiable spaces). Moreover, the components of a singular chart on X are elements of some sectional space C ∞ X (U ), hence the smooth structure can be recovered from the structure sheaf C ∞ X . That is why we often denote a smooth structure on a stratified space just by its structure sheaf. Let us also note that a sheaf A of continuous functions on X is the sheaf of smooth functions of a smooth structure on X if and only if the following holds true:
• (X, A) is a differentiable space, • the restriction of A to each stratum recovers the sheaf of smooth functions on that manifold. For a stratified space X ⊂ R n , Mather has introduced the notion of control data in [Mat70] . Here we need the extension of this concept to stratified spaces with a smooth structure as provided in [Pfl01b, Sec. 3.6] . To this end let us first recall the notion of a tubular neighborhood in the sense of [Mat70] .
Definition 2.5. Let M be a smooth manifold. By a tubular neighborhood of an embedded submanifold S ⊂ M one understands a triple T = (E, ε, ϕ), where π E : E → S is a smooth vector bundle over S with scalar product η, ε : S → R >0 a continuous map, and ϕ a diffeomorphism from T
) onto an open neighborhood T S of S, the so-called total space of T, such that the diagram
In case (M, η) is a riemannian manifold, and S ⊂ M a submanifold, there is a continuous ε : S → R >0 such that the metric exponential map defines a tubular neighborhood (N S, ε, ϕ) of S in M . Hereby, π N S : N S → S is the normal bundle of S in M , and ϕ := exp |T ε S,N S : T ε S,N S → T S := exp T ε S,N S . We will then call (N S, ε, ϕ) or for short T S a metric tubular neighborhood of S in M .
The following result guarantees the existance of tubular neighborhoods and is a variant of [Mat70, Prop. 6.2] and [Wei02, Thm. 5 .1].
Theorem 2.6. Let M , Q, and R smooth manifolds, f : M → Q a submersion, and q ∈ Q a point in the image of f . Let S := f −1 (q) and assume that h : M → R is a smooth map such that h |S is a submersion. Then there is a continuous ε : S → R >0 and a tubular neighborhood (E, ε, ϕ) of S in M which is compatible with h, that means the compatibility relation
holds true for all p ∈ T ε S , where π S : T ε S → S is the projection of the tubular neighborhood. Moreover, after possibly shrinking ε one can even achieve that
is an open embedding. In case G is a compact Lie group which acts on M and Q such that f is Gequivariant and h is G-invariant, then ε can be chosen to be G-invariant. Moreover, ϕ and π S are then equivariant with respect to the natural G-action on E.
Proof. The existence of the tubular neighborhood (E, ε, ϕ) satisfying the compatibility condition follows from [Mat70] (see also [Pfl01b, Sec. 3.5] ). By dimension counting, one checks that T π S , T f |T |S M : T |S M → T S ×T q Q is an isomorphism of vector bundles, hence after shrinking ε appropriately, (
is an open embedding indeed.
In the G-equivariant case the existence of equivariant tubular neighborhoods with the required properties follows from equivariant versions of the existence proof for tubular neighborhoods from [Mat70] or [Pfl01b, Sec. 3.5] or directly from [Kan] . Now we have the means to define the notions of a tube for a stratum and of control data for a stratified space.
Definition 2.7. Let (X, S) be a stratified space, and S ∈ S one of its strata. By a tube of S in X one understands a triple T S = (T S , π S , ̺ S ) satisfying the following conditions: (TB1) T S is an open neighborhood of S in X such that for every other stratum R ∈ S the relation T S,R := T S ∩ R = ∅ implies R ≥ S. (TB2) π S : T S → S is a continuous retraction of S such that for every stratum R > S the restriction π S,R := π S |TS,R : T S,R → S is smooth.
≥0 is a continuous mapping such that ̺ −1 S (0) = S holds true and such that for every stratum R > S the restriction ̺ S,R := ̺ S |TS,R :
>0 is a submersion for every pair of strata R > S. If the stratified space (X, S) carries a smooth structure C ∞ , then one calls a tube T S = (T S , π S , ̺ S ) of S as being of class C ∞ or smooth, if the following axiom is satisfied: (TB5) There exists a covering of S by singular charts x : U → R n of X such that π S and ̺ S are induced by tubular neighborhoods
where π x is the projection and ̺ x the tubular function of T x . Note that in this case the functions π S and ̺ S are C ∞ -mappings.
Definition 2.8. Given a stratified space (X, S), control data for (X, S) consist of a family (T S ) S∈S of tubes T S = (T S , π S , ̺ S ) such that for every pair of strata R > S and all
are satisfied. A stratified space on which some control data exist is called a controllable space. If (X, S) carries additionally a smooth structure and if all tubes of the control data are smooth, then (T S ) S∈S are called smooth control data.
The fundamental existence result for control data which we will later need in this article goes back to [Mat70] . It essentially states that existence of control data is guaranteed under the condition that a local condition, namely Whitney's condition B is satisfied (see [Mat70, §1 & §2] or [Pfl01b, Sec. 4] for details on the Whitney conditions).
Theorem 2.9 (cf. [Mat70, Prop. 7 .1] and [Pfl01b, Thm. 3.6.9] ). Let (X, S) be a stratified space with a smooth structure and assume that it satisfies Whitney's condition B in every singular chart. Then (X, S) possesses a system of smooth control data (T S ) S∈S . Moreover, if f : X → N is a smooth stratified submersion to a smooth manifold N then the control data (T S ) S∈S can be chosen to be compatible with f .
Remark 2.10. Note that a stratified space with a smooth structure which fulfills Whitney's condition B is locally contractible (see [Pfl01a] ). This fact is later needed for the proof of a de Rham theorem for basic cohomology over orbit spaces of proper Lie groupoids.
Proper Lie groupoids
Assume to be given a proper Lie groupoid G. Sometimes, we will denote G by s, t : G 1 ⇒ G 0 with s and t being its source and target map, respectively. The unit map of a groupoid G will be denoted by u :
⇒ B with the induced source and target maps. If B is a closed submanifold of G 0 , then G |B is again a proper Lie groupoid. For each point p ∈ G 0 denote by
the orbit through p. Obviously, the orbits give rise to a partition of the object space G 0 . Consider the quotient space X = G 0 /G of all orbits with the quotient topology and the natural projection ω : G 0 → X. According to [Zun, Prop. 2.2] , X is a Hausdorff topological space, and each orbit O p is a closed submanifold of G 0 . In this article, we will in particular construct a natural stratification of X. As a preparation we first recall the following result.
Proposition 3.1 (cf. [Zun, Prop. 2.2] ). Given a proper Lie groupoid G the following properties hold true:
(1) If H is a Hausdorff Lie groupoid which is Morita equivalent to G, then H is also proper. (2) If N is a submanifold of G 0 which intersects an orbit O p at a point p ∈ G 0 transversally, and Z is a sufficiently small open neighborhood of p in N , then the restriction G |Z is a proper Lie groupoid which has p as a fixed point.
Consider now a point p ∈ G 0 , and let G p := {g ∈ G 1 | s(g) = t(g) = p} be the isotropy group at p. Then, G p is a compact Lie group which acts on the normal space
proper Lie groupoid which acts on the normal bundle [Zun] , let us show the latter which obviously also proves that G p acts on N p O. So let g ∈ G |O , s(g) = p, and n ∈ N p O a normal vector over p. Then n can be represented by a smooth curve δ : (−ε, ε) → G 0 . In other words, this means that δ(0) = p and n =
and check that the thus defined normal vector g · n ∈ N t(g) O does not depend on the particular choices of δ and γ, and that this defines an action of G |O on N O indeed.
Before proceeding, let us briefly recall, cf. [MoMr, §5.4] , that a morphism f : G → H of Lie groupoids is said to be a strong equivalence or an isomorphism if it admits an inverse. It is said to be a weak equivalence if the following two conditions are satisfied:
(ES) the map t • pr 1 : H 1 × H0 G 0 → H 0 is a surjective submersion, where the fiber product is taken over the source map of H and f , (FF) G 1 is a fiber product as in the following square:
The following result will be useful for extending the slice theorems for proper Lie groupoids by Zung to not necessarily source-locally trivial proper Lie groupoids.
Proposition 3.2. Let G be a proper Lie groupoid, p ∈ G 0 a point, and O the orbit through p. Then there is an open neighborhood U of p such that the restricted groupoid G |U is source-locally trivial and such that the orbit in G |U through p, i.e. the restricted orbit O |U = O ∩ U , is of finite type.
Proof. We consider two cases:
(1) The orbit O is discrete.
(2) The orbit O has positive dimension. In the first case, there exists an open neighborhood W ⊂ G 0 of p such that {p} = W ∩ O. This implies that in the restricted groupoid G |W the point p is a fixed point. By [DuZu, Prop. 7.3.8] there then exists an open neighborhood U ⊂ W of p such that the restricted groupoid G |U is source-locally trivial. Since p is a fixed point of G |U , the restricted orbit O |U consists only of one point, hence is of finite type. This finishes the first case.
So let us consider the second case and assume that dim O > 0. This implies that each orbit through a sufficiently small neighborhood of p has positive dimension as well. Let us briefly check this. Assume that p n ∈ G 0 is a sequence of points converging to p such that for every n ∈ N the orbit through p n is discrete. Then
Then there exists a sequence g n ∈ V ∩ G pn converging to g. Moreover,
hence g ∈ G p . By dimension reasons this implies that the orbit O has to be discrete which contradicts the assumption on O. Hence there exists an open neighborhood W of p in G 0 such that for every q ∈ W the orbit O q through q has positive dimension. After possibly shrinking W we can assume that there is a smooth chart
to an open ball B around the origin such that x(p) = 0. By proper choice of W and the chart x one can even achieve that
. The closure U then is a manifold with boundary and is diffeomorphic to a closed ball via the chart x. The restriced target map t |s −1 (U) : s −1 (U ) → G 0 is a submersion, hence the preimage of U under t |s −1 (U) is a submanifold of s −1 (U ) with boundary. But this preimage coincides with N := t −1 (U ) ∩ s −1 (U ). Moreover, the restriction s |N is a submersion, and each of its fibers t −1 (U ) ∩ s −1 (q), q ∈ U is a compact manifold with boundary by properness of G, and since t |s −1 (q) :
Let us show that s |N : N → U is a proper map. To this end choose some compact subset K ⊂ U , and check that s
. Hence s |N : N → U is a surjective proper submersion from a manifold with boundary to a manifold without boundary. By Ehresmann's Theorem for manifolds with boundary A.1, s |N has to be locally trivial with typical fiber given by the manifold with boundary
we can yet show that the restriction s |∂N is a submersion, too. Let us prove that this is the case. To this end it suffices to show that
. Hence the claim is proved, if we can show that ker T g s ∩ ker T g t is a proper subspace of ker T g t. Let us prove this by contradiction, and assume that ker T g s = ker T g t. Since T g t maps ker T g s to the image of the anchor map at t(g), the assumption ker T g s = ker T g t implies that the image of the anchor map at t(g) is zero. As a consequence, the orbit through t(g) has to be discrete which contradicts our original assumption. Hence ker T g s ∩ ker T g t ker T g t, which finishes the proof that s |∂N is a submersion.
Besides s |N , the restricted source map s |t −1 (U)∩s −1 (U) : t −1 (U ) ∩ s −1 (U ) → U now has to be locally trivial as well, with typical fiber given by t −1 (U ) ∩ s −1 (p). This entails that G |U is source-locally trivial. Since by construction, O ∩ U is diffeomorphic to an open ball in some euclidean space, O ∩ U is a manifold of finite type, which proves the final claim. Now let us come to the slice theorem for proper Lie groupoids and recall the two original versions by Zung and Weinstein.
Theorem 3.3 (cf. [Zun, Thm. 2.3] ). Any proper Lie groupoid G with a fixed point p ∈ G 0 is locally isomorphic to a linear action groupoid, namely the action groupoid of the action of the compact isotropy group G p on the tangent space T p G 0 .
Theorem 3.4 (cf. [Wei02, Thm. 9 .1]). Assume that G is a proper Lie groupoid, and assume that O ⊂ G 0 is an orbit of finite type, i.e. diffeomorphic as a manifold to the interior of a compact manifold with boundary. Then there is an open neighborhood U of O in G 0 such that the restriction G |U of G to U is isomorphic as a Lie groupoid to the restriction of G |O ⋉ N O to an appropriate neighborhood of the zero section in N O.
Remark 3.5. Theorem 3.3 is nowadays known as Zung's Theorem. Although the theorem is stated as above in [Zun] , the arguments in that paper actually assume source-local triviality. However, Proposition 7.3.8 by Dufour and Zung [DuZu] (see also Proposition 3.2 above) together with Zung's original proof in [Zun] show that Theorem 3.3 holds true in full generality. Let us also mention that a direct and independent proof of Zung's Theorem (without the source-local triviality assumption used in the proof) has been given in [CrSt] , to which we also refer for further discussion about this issue.
Theorem 3.4 is a direct consequence of Zung's Theorem and [Wei02, Thm. 9 .1]. It also follows from [CrSt, Thm. 1] .
The finite type assumption for the orbit in Theorem 3.4 is an assumption which might not hold in an intended application. Nevertheless, for an arbitrary proper Lie groupoid G one can conclude from Prop. 3.2 and Thm. 3.4 that for every point p ∈ G 0 there is an open neighborhood U of p such that the restriction G |U is source-locally trivial, and isomorphic to the restriction of G |O ⋉ N O to an open neighborhood of the zero section in N O, where O := U ∩ O, and O is the orbit through p. We will make frequent use of this fact in the remainder of this article. In particular, this observation will be a crucial ingredient in the proof of the following result.
Proposition 3.6. For every proper Lie groupoid G there exists an open embedding of Lie groupoids ι : H ֒→ G such that ι is a weak equivalence and such that every orbit of H is of finite type.
Proof. Choose for each point Q of the orbit space X = G 0 /G a preimage q under the canonical projection G 0 → X. Then choose a sufficiently small neighborhood B q of q in the orbit Q with the following two properties:
(1) The closure B q is diffeomorphic to a closed bounded ball in some euclidean space. (2) There exists an open neighborhood U q of q in G 0 and an isomorphism of Lie groupoids ϕ q :
to an open invariant tubular neighborhood T q of the zero section of N B q and the restricted Lie groupoid G |Uq . Observe that by construction each orbit in G |Bq ⋉T q is of finite type. After possibly shrinking the neighborhoods U q one can select a countable subset Q ⊂ X such that the family U q /G q∈Q is a locally finite open covering of X. Now put H 0 := q∈Q U q and H := G |H0 . By construction, the canonical embedding H ֒→ G is a weak equivalence. Moreover, each orbit in H 0 is of finite type, since the orbits of the groupoids G |Bq ⋉ T q are of finite type and since the covering U q /G q∈Q is locally finite.
For the remainder of this section we collect some further results about proper Lie groupoids that will be needed in the course of the paper.
Proposition 3.7. Let p ∈ G 0 a point in a Lie groupoid G, and let Z ⊂ G 0 be a submanifold which intersects orbits transversally. Let Sat(Z) := ω −1 ω(Z) be the saturation of Z in G 0 . Then the embedding
is a weak equivalence.
is indeed a Lie groupoid. As stated above, we have to check the two conditions (ES) and (FF) for the inclusion. The first follows from the fact that
which clearly shows that the map t to Sat(Z) is surjective. Since in a Lie groupoid the target map is a submersion, transversality of Z implies that the restriction of t to Sat(Z) is a submersion as well. Secondly, (FF) is obvious by the definition of Sat(Z).
Definition 3.8. A slice at p ∈ G 0 is a submanifold Z ⊂ G 0 with p ∈ Z, which intersects orbits transversally, and
Proposition 3.9. Let p, p ′ ∈ G 0 be two objects which lie in the same orbit O of a proper Lie groupoid G . Let Z and Z ′ be two submanifolds of G 0 such that p ∈ Z, p ′ ∈ Z ′ and which are both slices to O. Then, after possibly shrinking Z and Z
Proof. Since there exists an arrow g ∈ G 1 with s(g) = p and t(g) = p ′ and a local bisection σ around p such that σ(p) = g, one can reduce the claim to the case, where p = p ′ . Moreover, since the claim is local it suffices by remark 3.5 to assume that G is isomorphic to 
Since T (p,0p) Ψ = id, and Ψ is linear in each fiber, Ψ becomes an isomorphism of vector bundles after shrinking O. Now recall that Z ⊂ N O is transversal to O, hence after shrinking Z, the projection map
becomes an open embedding. Let V p := P (Z). After shrinking O, one can assume that O is diffeomorphic to the unit ball in some R N such that p corresponds to the origin under this diffeomorphism. Denote by O 1 2 the image of the ball of radius 1 2 under this diffeomorphism. Addition in R N gives rise to a smooth map
Note that then p ⋆ p = p and that p is a neutral element with respect to ⋆. Put
, where π is the projection for N O, and define
where pr 1 (q) = π(q) ∈ O, and pr 2 (q) ∈ N p is the projection onto the second coordinate under the isomorphism O × N p ∼ = N O. We check now two properties, namely Eq. (3.2) and Eq. (3.3). For n ∈ N p , which implies in particular π(n) = p and pr 2 (n) = n, we get with b := P −1 (n):
Hence, σ is a bisection with the desired properties.
Remark 3.10. The properness assumption in the preceding proposition is not necessary (cf. [Cra] ). In the case of a Lie algebroid, a similar result as above has been proved in [Fer, Thm 1.2] . Fernandes' proof can be easily adjusted to give another proof of Prop. 3.9 without the properness assumption. We have chosen the above proof since we need it for our later construction of the metric tubular neighborhood in Theorem 4.1. More precisely, we shall use the following corollary to the proof of Prop. 3.9. 
We end this section by proving the existence of complete, transversally invariant riemannian metrics for proper Lie groupoids.
Definition 3.12. Given a riemannian metric η on G 0 , we shall say that it is transversally invariant, if, restricted to each orbit O, the induced metric on the normal bundle N O is invariant under the canonical action of G| O .
Remark 3.13. Riemannian structures on Lie groupoids have been considered before, cf. [GGHR] , but there it is assumed that both G 0 and G 1 carry riemannian metrics which are compatible in some sense. More recently, another version of riemannian groupoids was introduced in [Gli] , where only G 0 is required to be equipped with a riemannian metric, subject to the condition that the local bisections of G 1 act by isometries. Our definition of a transversally invariant metric in turn is weaker than this: one easily shows the metric on G 0 on a riemannian groupoid (in either of the concepts mentioned above) is transversally invariant.
Proposition 3.14. Let G be a proper Lie groupoid. Then there exists a transversally invariant, complete, riemannian metric on G 0 .
Proof. As remarked above, G acts for every orbit O on the normal bundle N O to the orbit, but does in general not act on the tangent bundle T G 0 . However, there is a way to lift the representations on the normal bundles to a non-associative action on T G 0 , part of a representation up to homotopy as in [AbCr] , called the adjoint representation. This construction depends on a choice of an Ehresmann connection σ on G, that is, a smooth choice of a splitting σ s :
which reduces to the canonical inclusion over G 0 . Here, A := ker ds |G0 is the Lie algebroid of G, and r is the map given by right multiplication on G 1 . Such a splitting amounts to the choice of a distribution on G 1 complementary to the s-fibers, which equals T G 0 at the identity. In turn, composition with the inversion map determines a splitting
with the roles of s and t reversed, where l is now induced by the left multiplication. With this choice of Ehresmann connection, we can define smooth sections µ ∈
, and
where π t : T G 1 → t * A is the projection induced by σ s , and l denotes left multiplication in G 1 . We think of µ and λ as giving for each g ∈ G 1 a homomorphism, denoted µ g , λ g , from A s(g) resp. T s(g) G 0 to A t(g) resp. T t(g) G 0 . In general these sections will not define representations of G, e.g. λ g1 • λ g2 = λ g1g2 for (g 1 , g 2 ) ∈ G 2 , but one easily checks that the anchor map ρ : A → T G 0 defined by ρ := dt |G0 is equivariant with respect to the quasi-actions defined by λ and µ. It therefore induces a quasi-action of G on the normal bundle N , i.e., the quotient T G 0 /ρ(A). This action is the same as the canonical one defined in (3.1) because the Ehresmann connection exactly defines a choice of lifting smooth paths in G 0 to G 1 , and therefore the quasi-action on N induced by λ and µ is in fact a true action. In other words, the obstruction to associativity of the quasi-action on T G 0 lies in the image of the anchor, a precise formula can be found in [AbCr] , and we can view λ as a smooth, albeit non-associative, lifting of the canonical action of G on N .
Next we fix a smooth Haar system µ x x∈G0
and choose a "cut-off" function c for G. This is a smooth function on G 0 with the properties
Such a function exists by properness of G, cf. [Tu] . Given an arbitrary riemannian metricη, we can now consider the averaged metric given by
where v, w ∈ T x G 0 . It is not immediately clear that this indeed defines a metric, more specifically, is positive definite. However, since the Ehresmann connection is required to coincide with T G 0 when restricted to G 0 , it follows that each identity arrow 1 x , x ∈ G 0 acts by the identity transformation. By continuity therefore,
, and we see that η ′ is positive definite. When restricted to the normal bundle, this averaged metric is invariant under G by the invariance of the system of measures (c
This proves the existence of a transversally invariant riemannian metric, and we finally show that it can even be made complete: for this we adapt the simple argument given by [Wei02, Lemma A5 ] to the groupoid case. Using averaging as above, on easily shows that there exist G 0 -invariant proper smooth functions on G 0 . Choosing such a function f , consider the metric
With respect to η, we then have || grad(f )|| η ≤ 1, and therefore η is complete.
The slice theorem for proper Lie groupoids revisited
Assume that we are given a proper Lie groupoid G with a transversally invariant riemannian metric on G 0 . Let O ⊂ G 0 be an orbit and p ∈ O a point. Choose ε : O → R >0 such that the metric exponential map exp defines a tubular neighborhood
We can assume without restriction now and in the following that ε(q) ≤ ε(p) for all q ∈ O. Moreover, by Prop. 3.9, one can shrink ε so that one has for the projection ω : G 0 → X onto the orbit space:
After possibly shrinking ε again, there exists a homomorphism λ :
. One concludes that the following diagrams commute.
Step 2. of the proof of [Wei02, Thm. 9 .1], the isotropy group G p acts on G(−, Z p ) via the embedding of G p into the group of bisections of G |Zp . The restriction t |G(−,Zp) : G(−, Z p ) → Z p of the target map then is a G p -equivariant submersion. By Thm. 2.6 there exists a continuous mapε :
holds for all γ ∈ Tε G(−,p) and π G(−,p) : Tε G(−,p) → G(−, p) the projection of the tubular neighborhood. Moreover, one can achieve after shrinkingε that
is an open embedding. Sinceε is G p -invariant one can even assume after further shrinking ε andε thatε = ε • s |G(,p) . By slight abuse of language we will therefore write ε instead ofε from now on. The restricted source map s |T ε
is then a surjective submersion. Now we will use
Step 3 in the proof of [Wei02, Thm. 9 .1] to construct a submersive retraction Π : then is well-defined and lies in G |Zp . Hence on can put
By Eq. (4.3) and since π O is a retraction onto O one obtains for the target and source of Π(γ)
Hence Π(γ) ∈ G |O indeed. As has been shown in Step 3 of the proof of [Wei02, Thm. 9 .1], Π(g) does not depend on the choices made, and is a retraction onto G |O . Moreover, it has been shown there that Π(γ γ
. Together with Eq. (4.5) this shows that Π is a morphism of groupoids over the map π O on objects. Now we define (4.6) Θ := Π, exp
Let us show that after possibly shrinking ε, Θ is an isomorphism of groupoids. To this end let K ⊂ O be a compact submanifold with boundary of dimension dim O. Then K • is a manifold of finite type. Put ε K := min q∈K ε(q). Then by Step 4 of the proof of [Wei02, Thm. 9 .1], the map
is an open embedding. Observe that O can be exhausted by a countable number of compact manifolds with boundary K n , n ∈ N such that K
• n is open in O. After having defined the ε Kn as above shrink ε such that ε(q) ≤ max
ε Kn (q). One checks immediately that then Θ has to be a diffeomorphism. According to [Wei02, Thm. 9 .1] each of the Θ K is a morphism of groupoids, hence Θ has to be a morphism of groupoids as well. This proves the following result:
Theorem 4.1. Let O be an orbit in a proper Lie groupoid G. Then there exists a neighbourhood U of O in G 0 such that G |U is isomorphic to a neighbourhood of the zero section of G |O ⋉ N O. More precisely: Let η be a transversally invariant riemannian metric on G 0 . Then there exists a continuous map ε : O → R >0 and a submersive retraction Π :
as defined by Eq. (4.6) is an isomorphism of groupoids, and such that the following two diagrams commute: (4.7) Remark 4.2. In general, the tubular neighborhood T ε O is not G-invariant. However, in the case where ε can be chosen to be constant, it follows that T ε O is invariant. This is an important distinction between such orbits and the general case. See [CrSt] for an interesting and careful discussion.
5. The canonical stratification of proper Lie groupoids 5.1. Stratification. Now consider a point p ∈ G 0 in the orbit O, and choose a slice Z ⊂ G 0 to the orbit O at p. After possibly shrinking Z, there exists, by Zung's theorem stated above, an isomorphism of groupoids
with V p a neighborhood of the origin in N p O. This isomorphism induces in particular an action of G p on Z. Let S Z,p := Z Gp be the fixed point manifold of G p in Z, and let S p denote the set germ of the projection of S Z,p in X, that means let
Then we have the following results.
Lemma 5.1. The set germ S p does not depend on the particular choice of the slice Z to the orbit O at p and the isomorphism ϕ :
Proof. Let Z ′ be a second submanifold through p which is transversal to the orbit O through p. Choose a local bisection σ : U → G according to Proposition 3.9 such that t • σ is a diffeomorphism from Z onto Z ′ . We then can define a morphism of groupoids Φ :
One checks immediately, that Φ is an isomorphism of groupoids, and that Φ 0 is given by
In the next step, we use Zung's Theorem again to obtain an isomorphism of groupoids
Gp , and consequently Φ(q) ∈ S Z ′ ,p . Since q and Φ(q) lie in the same orbit, one obtains ω(S Z,p ) ⊂ ω(S Z ′ ,p ). By symmetry, we have ω(S Z ′ ,p ) ⊂ ω(S Z,p ). The claim follows.
Lemma 5.2. If p, q are in the same orbit of G, then S p = S q .
Proof. Any g ∈ G 1 with s(g) = p and t(g) = q defines an isomorphism G p ∼ = G q by conjugation. This isomorphism is independent of g ∈ s −1 (p) ∩ t −1 (q) up to conjugation in G q (or G p ). Furthermore, the element g induces a G p -G q equivariant isomorphism from N p O onto N q O. Therefore, in the quotient the two set germs S p and S q are canonically isomorphic.
By the last lemma, S p depends only on the projection ω(p), hence we will identify S O for O ∈ X with S p where ω(p) = O.
Theorem 5.3. The mapping which associates to every point O ∈ X the set germ S O in X is a stratification of X.
Proof. Let O p ∈ X = G 0 /G. Choose a slice Z ⊂ G 0 to the orbit O p at p together with an isomorphism of groupoids ϕ : G |Z → G p ⋉ V p as above. It is well-known that the orbit space V p /G p ∼ = Z/G |Z has a canonical stratification by orbit types. Denoting by ̺ : V p → V p /G p the canonical projection, this stratification is given by
is the subspace of all elements of V p having an isotropy group conjugate to G p,v . The claim is thus proven if under the isomorphism V p /G p ∼ = Z/G |Z we can show that T ̺(ϕ(q)) = S ω(q) for all q ∈ Z. To this end denote first by G q the isotropy group of q. Since G |Z is isomorphic to V p ⋊ G p , the isotropy group H can be identified with a subgroup H of G p . Note that this identification depends on ϕ. Let Z (H) be the space of all elements b ∈ Z having isotropy group conjugate to H. Now choose a submanifold D ⊂ Z through q which is transversal to the G p -orbit through q. Note that by the slice theorem for group actions one can choose D in such a way that D is invariant under H and such that
hence we obtain for the set germs at ω(q):
. Thus the claim follows.
Corollary 5.4. The quotient space X of a proper Lie groupoid G carries in a natural way the structure of a stratified space with smooth structure. Moreover, X is even Whitney stratified and has a system of smooth control data.
Proof. According to the preceding theorem, the previously defined S is a natural stratification of X. Let us show, that (X, S) even has a canonical smooth structure. For every open U ⊂ X let C ∞ X (U ) be the space C ∞ inv ω −1 (U ) of G-invariant smooth functions on ω −1 (U ). Obviously, we thus get a sheaf on X. Let us show that C ∞ X is the structure sheaf of a smooth structure on X. To this end let O p ∈ X be an orbit, and choose a slice Z ⊂ G 0 to the orbit O p at p ∈ G 0 . After possibly shrinking Z, ω(Z) is open in X. Consider the map
We show that after possibly shrinking Z again, r Z induces an isomorphism
By Prop. 3.7, r Z is injective. To prove surjectivity, first choose an open neighborhood U of p according to Remark 3.5, i.e. such that G |U is isomorphic to the restriction of the transformation groupoid
After possibly shrinking Z and U , one can achieve that Z = U ∩ Z. By Prop. 3.9 we can assume, after possibly shrinking Z and U again, that Z ⊂ N p O. Shrinking U further, one can achieve that for every q ∈ U there is an arrow g q ∈ G |O such that g q · q ∈ Z. Now let h ∈ C ∞ (Z) Gp . Define H : U → R by H(q) = h(g q · q). Then, by invariance of h, H(q) is independent of the particular choice of g q . Moreover, H is smooth by construction. Next, let q ∈ Sat(Z), and choose a bisection σ q : V → G 1 over an open neighborhood V ⊂ G 0 such that t(σ(V )) ⊂ U . Define f : Sat(Z) → R by f (q) = H(t(σ(q))). By construction, f then is smooth, independent of the particular choices of the bisections σ q and invariant. Moreover, f |Z = h. This proves surjectivity of r Z . From the work [Schw75] one concludes that there exists a singular chart x : [Pfl01b] for details). Moreover, the stratified space x(Z/G p ) satisfies Whitney's condition B. This entails that X carries a canonical smooth structure which satisfies Whitney's condition B in each singular chart. By Thm. 2.9, X is controllable. This proves the claim.
Remark 5.5. We end with several remarks about this stratification:
i) If p ∈ G 0 , the set germs T p := ω −1 (S p ) define a stratification of the object space G 0 . ii) In case G isétale, the quotient space X is an orbifold and the stratification of Theorem 5.3 is the usual one. iii) On the other extreme, if G is s-connected, collecting strata of the same dimension, one obtains a coarser stratification from Theorem 5.3 which agrees with the one of the singular riemannian foliation of Proposition 6.4, constructed in [Mol1, §6.2] . This follows from the fact that the orbits of the singular riemannian foliation induced by the groupoid G are given in terms of Lie-algebroid paths for A which can be used to integrate the groupoid G, cf. [CrFe] .
5.2. Orbit types. In Theorem 5.3, we have defined a stratifications of X and of G 0 using set-germs. This local and conceptually very clear approach to stratification theory originates in the work of Mather. It has the advantage of avoiding the technical constructions of partitions of X and G 0 which define the stratification. In the case of a proper G-action on a manifold M (c.f. Example 2.4), there is a natural way to define the orbit type stratification of M and also of X = M/G by a partition with respect to a certain "orbit type" equivalence relation (cf. [DuKo] ). Inspired by this construction we briefly discuss in this subsection a natural decomposition of G 0 and X by "orbit type".
Definition 5.6. Let G be a proper Lie groupoid.
(i) The weak orbit type of a point p ∈ G 0 is the (abstract) isomorphism class of the isotropy group G p : We write p ∼ o q if G p ∼ = G q as Lie groups. (ii) The normal orbit type of p ∈ G 0 is the isomorphism class of the representation of G p on N p O: we write p ∼ n q if p ∼ o q and the isomorphism G p ∼ = G q extends to an isomorphism N p O ∼ = N q O of representations.
The adjective "weak" is put in (i) to indicate that in the case of a proper Lie group action, this definition is a weaker version of the usual notion of orbit type, see below. Clearly, both ∼ o and ∼ n define equivalence relations on G 0 and partition G 0 into subsets of G 0 . As two points on the same orbit have the same weak orbit type and normal orbit type (Lemma 5.1 and 5.2), ∼ o and ∼ n define also equivalence relations on the orbit space X = G 0 /G. Since the isomorphism classes of the orbit type and normal orbit type are invariant under Morita equivalence, the partitions on X defined by ∼ o and ∼ n are also Morita invariant. The main result proved in this section about these partitions is the following:
Theorem 5.7. Let G be a proper Lie groupoid.
i) Each normal orbit type is an open and closed subset of its weak orbit type.
ii) The connected components of the partition into weak orbit types are locally closed submanifolds of G 0 and form a decomposition of G 0 in the sense of Definition 2.1. iii) On the level of set germs, the induced stratification of this decomposition agrees with the one defined in section 5.1.
Proper group action.
Let us consider the action groupoid G ⋉ M for a proper G-action on M . Then one can define two natural equivalence relations on M . Put
The equivalence relation p ∼ q is stronger than p ∼ o q as there are isomorphisms between subgroups which are not conjugation by an element in G. The following proposition determines the relation between the partitions on M defined by ∼ and ∼ o . For the proof, we will need the following well known property about subgroups of a Lie group G:
Lemma 5.9. For a compact subgroup H of G, every closed subgroup H 0 of H that is isomorphic to H as Lie groups is identical to H.
Proof. We refer the reader to the arguments in the proof of [Pfl01b, Lemma 4.2.9].
Proof of Proposition 5.8. According to the slice theorem for group actions there exists a G-invariant open neighborhood U of p and a G-equivariant diffeomorphism
Hence we can assume without loss of generality that M = G × Gp B, p = [e, 0] with e being the identity element in G, and q = [g, x] for some g ∈ G and x ∈ B. Obviously, p ∼ q implies p ∼ o q. It remains to show that p ∼ o q implies p ∼ q. Since q lies in the same G-orbit as [e, x], G q is conjugate to G [e,x] . But G [e,x] is a closed subgroup of G p . Since G p is compact, Lemma 5.9 implies that G [e,x] is identical to G p . Therefore, p ∼ q.
Remark 5.10. A similar result holds true for ∼ n and ≈ with the similar arguments as Proposition 5.8.
Proposition 5.11. The connected components of the partition defined by ∼ o define the orbit type decomposition on M , which induce a stratification of the quotient X = M/G.
Proof. Proposition 5.8 implies that the connected components of the partition defined by ∼ is identical to those defined by ∼ o . This proposition follows from the similar result for the equivalence relation ∼ as in [DuKo, Thm.2.7 .4].
5.2.2.
The decomposition of G 0 . Now let us consider the case of a proper Lie groupoid and the equivalence relations ∼ o and ∼ n . Considering for p ∈ G 0 the neighborhoods O × V p described in Corollary 3.11 one concludes that the connected components of the partition defined by ∼ o are submanifolds. Furthermore, Proposition 5.11 implies the following result:
Proposition 5.12. The germs of the partition defined by the orbit type ∼ o on G 0 and X agree with S as defined by (5.1).
Theorem 5.7 iii) follows immediately from this Proposition. To prove that the partition by the normal orbit type defines a natural decomposition of G 0 and X, we need the following two lemmata.
Lemma 5.13. For every p ∈ G 0 there exists a neighborhood U of p such that for q ∈ U the relation q ∼ o p holds true if and only if q ∼ n p.
Proof. It suffices to prove that q ∼ o p implies q ∼ n p. By Corollary 3.11, this follows from the analog statement for the case of a compact group action on a manifold, which is proved in [DuKo, Thm 2.6.7 (i) ].
Lemma 5.13 shows that the normal orbit types are open and closed in the orbit types, and that the normal orbit type decomposes G 0 into submanifolds, cf. Theorem 5.7 i).
Lemma 5.14. If p, q ∈ G 0 such that p ∼ n q, then there exist open neighborhoods U p and U q of p and q in G 0 such that the restricted groupoids G |Up and G |Uq are isomorphic.
Proof. This follows from Corollary 3.11 which describes G locally.
It remains to prove Theorem 5.7 ii):
Proposition 5.15. The connected components of the partitions by orbit type ∼ o (and therefore also of normal orbit types ∼ n ) define decompositions of G 0 and X.
Proof. Lemma 5.13 proves that the connected components of the partition by normal orbit type are submanifolds of G 0 . The only not immediate property of a decomposition which remains to be shown is the condition of frontier. To prove the condition of frontier consider two connected components R and S of the partition by normal orbit type. We have to show that if R ∩ S = ∅, then R ⊂ S. Let p ∈ R ∩ S. By Lemma 5.14, there exist for q ∈ R open neighborhoods U p and U q of p and q respectively such that G |Up is isomorphic to G Uq . This implies that q is also in S. Hence R ⊂ S.
Metric properties of proper Lie groupoids
In this section we discuss the metric properties of the quotient space. Let G be a proper Lie groupoid equipped with a transversally invariant riemannian metric. There is a standard way, cf. [Gro, Sec. 1.16 + ] and [BuBuIv, Def. 3.1.12] , to define a semi-metric on the quotient by
where the infimum is taken over all choices of pairs (
Our main result is as follows:
Theorem 6.1. Let G be a proper Lie groupoid such that the orbit space X is connected. Let η be a transversally invariant riemannian metric on G. Then the induced semi-metric (6.1) on the orbit space X is in fact a metric and the following properties hold true:
(1) The metric d is uniquely determined by the property that for each orbit O in G 0 and every point q ∈ T O of an appropriate metric tubular neighborhood
holds true, where O q is the orbit through q. Remark 6.2. This theorem generalizes the following special case: let f : M → N be a submersion. Associated is a proper Lie groupoid G with G 0 := M , G 1 := M × N M , source and target are induced by the two projections to M , and composition is given by (x, y) · (y, z) = (x, z). A transversally invariant riemannian metric on G is a metric on M which descends to a riemannian metric on N , and makes f into a riemannian submersion. Since N is the quotient space of this particular groupoid and f the projection map, this fact suffices to prove Thm 6.1 in this case. For a general proper Lie groupoid, with singular quotient space, a submetry is exactly the right generalization of a riemannian submersion. For more information on the metric concepts used in the theorem see the monograph [BuBuIv] . Length spaces are covered in Chapter 2 of that book, Alexandrov spaces in Chapter 10. Alexandrov spaces are essentially length spaces with curvature bounded below. They generalize riemannian manifolds with curvature bounded below but share many properties with riemannian manifolds. 6.1. Proper Lie groupoids and singular riemannian foliations. Before proving the above theorem let us introduce some notation, and prove several auxiliary results. First, assume to be given a smooth manifold M with a riemannian metric η, and a submanifold S ⊂ M , not necessarily closed. Let N ⊂ T |S M denote the normal bundle to S in M , and π N : N → S its projection. Then there exists a continuous function ε S : S → R >0 such that for each continuous r : S → R >0 with 0 < r ≤ ε S the restriction of the exponential map to
is a diffeomorphism onto its image which will be denoted by T r S . Choosing such an ε S , each of the sets T r S with 0 < r ≤ ε S then is a (metric) tubular neighborhood of S in M , and
is the geodesic distance from p to S, and π S : T r S → S is the projection of the tubular neighborhood T r S . In a situation, where exp |US,r is a diffeomorphism onto its image for all 0 < r ≤ ε S , we say that ε S defines a tubular neighborhood of S in M . In case S is a compact submanifold, ε S can be chosen to be constant, i.e. one can choose ε S > 0 to be a positive real number such that the constant function on S with value ε S defines a tubular neighborhood of S in M . After these notational preparations, let us proceed now to prove the auxiliary results.
Lemma 6.3. Let (M, η) be a connected riemannian manifold, and S ⊂ M be a closed submanifold. Let p ∈ M be a point, and denote by d(p, S) the geodesic distance between p and S which means the infimum of all geodesic distances d(p, q), where q runs through the elements of S. Assume that there is a point q ∈ S such that d(p, q) = d(p, S), and that d(p, q) is less than the convexity radius of M at p and at q. Then the tangent vector X := exp
Proof. Let Y ∈ T q S be a tangent vector, and γ : (−δ, δ) → S a smooth path in S with γ(0) = q andγ = Y . Then, after possibly passing to some smaller δ, the tangent vectors X(t) := exp −1 p γ(t) are well-defined for |t| < δ. Since η X(t), X(t) has a local minimum at t = 0, one obtains
By the Gauss-Lemma, Y is orthogonal to T X(0) exp p X(0) , and T X(0) exp p X(0) = −X. The claim follows.
Let us now recall, following [Mol1, Chap. 6] , the notion of a singular riemannian foliation on a manifold M : this is a partition of M by connected immersed submanifolds (the leaves) satisfying i) (singular foliation) the module of vector fields tangent to the leaves acts transitively on each leaf, ii) (riemannian structure) there exists a riemannian metric on M with the property that every geodesic that is perpendicular to a leave at one point, remains perpendicular to every leaf it meets. A metric as in ii) above, is called adapted to the singular foliation. A typical example of a singular riemannian foliation is given by the orbit foliation of an isometric action of a Lie group on a riemannian manifold.
The following result is stated in [DuZu, Corollary 7.4 .13] without a proof.
Proposition 6.4. Let G be a proper Lie groupoid, and η a transversally invariant riemannian metric on G 0 . Then the connected components of the orbits of G define a singular riemannian foliation on G 0 for which η is an adapted metric.
Proof. Consider the map D which associates to each point p ∈ G 0 the tangent space T p O p , where O p denotes the orbit through p. This is a singular vector-distribution in the sense of Stefan-Sussmann [Ste, Sus, DuZu] which can be identified with the image under the anchor map ρ of the Lie algebroid A of G. For any Lie algebroid (A, ρ) it is known, cf. [DuZu, §8.1.4 ] that D = ρ(A) defines a singular foliation: first of all, by the local splitting theorem [Fer, Thm 1 .1], the distribution is smooth. Second, the maximal integral submanifolds L of D can be described in terms of "Apaths" (cf. [Fer] ) as follows: we say that x, y ∈ G 0 are A-equivalent, written x ∼ A y, if there exists an A-path connecting the two points. This defines an equivalence relation whose orbits are immersed submanifolds of G 0 , in fact embedded in case G is proper. They are the maximal integrating submanifolds of D, so the StefanSussmann Theorem [DuZu, Thm. 1.5.1] implies that D is the tangent distribution of a singular foliation, It remains to be shown that the singular foliation G 0 together with η is riemannian. Since η is transversally invariant and the claim is local, it suffices by [Mol1, Prop. 6 .4] to show that for each point p ∈ G 0 there exists a neighborhood W and a riemannian metric ̺ on W such that the pair (W, ̺) is a singular riemannian foliation. To this end choose a neighborhood O ⊂ O p diffeomorphic to a ball in T p O p under the exponential map. By the slice theorem for proper Lie groupoids, G looks in a neighborhood of p like the transformation groupoid G |O ⋉W , wherẽ W is a G |O -invariant open neighborhood of the zero-section of the normal bundle N O. So it suffices to prove that on G |O ⋉ N O 0 there is an adapted riemannian metric ̺ which means that each geodesic which emanates orthogonally to an orbit stays orthogonally to every orbit it passes through. By the choice of O one has a trivialization N O ∼ = O × N p O (Corollary 3.11). Now choose a G p -invariant scalar product ̺ v on N p O, and let ̺ h be the pull-back to O of a euclidean metric on T p O p under the exponential map exp. The product metric ̺ of ̺ v and ̺ h then has the desired property. This can be seen as follows. Let Q ⊂ N O be an orbit of the G |O -action on N O, and assume that γ : [0, 1] → N O is a geodesic which emanates orthogonally from Q. This means that q := γ(0) ∈ Q andγ(0) ⊥ T q Q. Under the trivialization N O ∼ = O × N p O one has q = (q 1 , q 2 ) with q 1 ∈ O and q 2 ∈ N p O. Moreover, Q then is given under this trivialization by O × G p · q 2 , where G p is the isotropy group of p. Since ̺ is the product metric of ̺ v on N p O and ̺ h on O, one concludes that
. By Eq. (6.4) it follows thatγ(t) is orthogonal to T γ(t) Q for all t ∈ [0, 1]. This proves that ̺ is an adapted riemannian metric for the singular foliation. Finally, remark that the transversally invariant metric η on G induces a transverse metric on the normal bundle to each leaf of the foliation as defined in [Mol1, Sec. 6.3] . Therefore, by [Mol1, Prop. 6.4] , the metric η is adapted to the foliation.
Proposition 6.5. Under the assumptions from above, each connected component of a stratum of the stratification of G 0 by orbit type is totally geodesic. In particular one then has (6.5)
Since B is in particular contractible, there exists a smooth section τ : B → G(p, −) over B of the target map t : G(p, −) → G 0 restricted to morphisms with source p. One can even achieve that τ (p) = u(p). Let us now define an action of G p on T Clearly, this defines the desired action. Via the isomorphism Θ between G |M and G |B ⋉N |T ε B,N the G p -action is transferred to M . By Eq. (6.5) and the equivariance of the exponential map one obtains
By [Kli, Thm. 1.10 .15], the right hand side of this equality is totally geodesic. Since it is enough to show that S p is locally totally geodesic, the claim now follows.
The next proposition is an equidistance result for orbits of proper Lie groupoids which is crucial for the construction of an appropriate metric on the orbit space X. For singular foliations a corresponding result is known [Mol2] . Since we are not aware of an explicit proof for the case we consider here, we provide a complete proof below. Proposition 6.6. Let G be a proper Lie groupoid and η a transversally invariant riemannian metric on G. Then the partition of G 0 into orbits is equidistant in the following sense. 
This proves the claim.
As an application of Proposition 6.6, we prove a stability result for compact orbits of a proper Lie groupoid G with only connected orbits. We call G orbit connected, if every orbit of G is connected.
Recall that a neighborhood U of an orbit O of a groupoid G is called invariant, if every orbit of G which intersects nontrivially with U is contained in U . Following [CrSt, Def. 4 .2], we define an orbit O of a Lie groupoid G 0 to be (topologically) stable, if O admits arbitrarily small invariant neighborhoods. Remark 6.8. It is natural to expect that a similar result as Proposition 6.7 holds true for singular riemannian foliations. We leave the details to the diligent readers.
Remark 6.9. Combining Proposition 6.7 with Theorem 4.1, we conclude that a compact orbit O inside an orbit connected proper Lie groupoid has arbitrarily small invariant neighborhoods
We suggest the reader to compare this result to Corollary 2 and Remark 1.2 in [CrSt] .
6.2. Proof of the main theorem. Under the assumptions of the proposition assume now that the orbit space X is connected. Choose for each point q ∈ G 0 a relatively compact subset B q ⊂⊂ O q such that the closure B q is diffeomorphic to a closed bounded ball in some euclidean space. Choose ε q > 0 such that T εq Bq is a metric tubular neighborhood of B q in G 0 . After possibly shrinking the ε q one can achieve that ε q ≤ ε Oq (p) for all p ∈ B q where ε Oq : O q → R >0 is chosen such that Π and Θ as in Theorem 4.1 exist for the tubular neighborhood T εO q
Oq . After possibly shrinking the ε q , one can find by the proof of Proposition 3.6 a countable subset Q ⊂ G 0 such that the following holds true: Since by (2) the inclusion H ֒→ G is a weak equivalence, they have the same quotient space and we can use H to write down a semi-metric on X, instead of G. In fact we can arrange this in the following way: Next let O and O ′ be orbits in G 0 . Since X is connected, there exist orbits
where T Oi∩H0 ⊂ H 0 is as in the proof of the preceding proposition applied to the case of the proper Lie groupoid H with riemannian metric η |H0 .
We will call O 0 , · · · , O k , q 1 , · · · , q k a connecting sequence of orbits and points in H 0 between O and O ′ . Now we define
where the infimum is taken over all connecting sequences of orbits and points in H 0 between O and O ′ . This semi-metric d coincides with the quotient (semi)-metric for the canonical projection H 0 → X as defined in [Gro, Sec. 1.16 + ] and [BuBuIv, Def. 3.1.12] : Given any connecting sequence (O i , q i ) not necessarily (CS2) and distance minimizing geodesics γ i from O i to q i+1 , we can realize the same sum i d(q i+1 , O i ) by introducing more orbits satisfying (CS2) and subdividing the geodesics γ i .
We will show in several steps that d is a metric indeed, and does not depend on the particular choice of H, and in fact equals (6.1).
Step 1. Let O be an orbit in G 0 and let q be a point in T O∩H0 . Assume that Q is the orbit through q and that q ′ is another point of Q. We will show that
To this end it suffices to show that for every path ̺ : [0, ℓ] → G 0 parameterized by arc length such that ̺(0) ∈ O and ̺(ℓ) = q ′ the relation d(q, O) ≤ ℓ holds true. Let us show that this is the case indeed. We can assume that ̺ is piecewise geodesic and meets every orbit in at most one point, otherwise we could pass over to a shorter ̺. Recall from above the properties of the continuous maps ε Oq : O q → R >0 , q ∈ G 0 . After possibly shrinking ε Op for p ∈ ̺([0, ℓ]) one can even achieve that ε Op is constant on the relatively compact set ( Op . By compactness of the image of ̺ one can now find times t 0 , · · · , t l such that the following holds true:
(1) One has t 0 = 0 and t l = ℓ.
(2) The restricted paths ̺ | [ti,ti+1] are geodesics for i = 0, · · · , l − 1.
. By Theorem 4.1 one can now find g l ∈ G |O l such that q l = g l π l (p ′ l−1 ) ∈ H 0 , where π i is the projection of the tubular neighborhood
what we wanted to show. Hence Eq. 6.6 holds true.
Step 2. Like in Step 1 let q ∈ T O∩H0 . We will show that for each connecting sequence of orbits O 0 , · · · , O k and points q 1 , · · · , q k in H 0 between O and the orbit O q through q the estimate
holds true. This implies in particular that
Let us prove (6.7) first in the case where all q i are assumed to be in T O∩H0 . We will prove the claim by induction on k. Assume first that k = 2. By construction of the tubular neighborhood T O∩H0 there exists an arrow g ∈ H |O such that π 1 (q 2 ) = gq 1 , where π i for 0 ≤ i ≤ k denotes the projection of the tubular neighborhood T Oi∩H0 . Then s(g) = π 0 (q 1 ). Put p := t(g). By Proposition 6.6 one concludes
From this one gets
which proves the claim for k = 2. Assume that the claim holds for some k, and consider a connecting sequence of orbits O 0 , · · · , O k+1 and points q 1 , · · · , q k+1 in H 0 between O and the orbit O q , where it is assumed that all the q i are in T O∩H0 . By the inductive assumption and the initial step one gets
This finishes the claim for the case, where all points q i are in T O∩H0 . If one of the points q i is not in T O∩H0 the claim is obvious.
Step 3. Next we will show that d is non-degenerate, i.e. that for orbits 
Then there is a point q ′ ∈ T O∩H0 in the unique geodesic of minimal length connecting q i+1 with
Step 3 and proves in particular that d is a metric on X indeed.
Step 4. Next we show that the canonical projection ω : H 0 → X is a submetry that means that ω B r (p) = B r ω(p) for all p ∈ H 0 and r > 0. Let q ∈ B r (p), and denote by O the orbit through p and by O q the orbit through q. In other words let O = ω(p) and O q = ω(q). Let us prove that d(O, O q ) < r. To this end choose a piecewise geodesic γ : [0, ℓ] → H 0 parameterized by arc length such that γ(0) = p and γ(ℓ) = q. Let 0 = t 0 < t 1 < · · · t k−1 < t k = ℓ be a partition such that γ |[ti−1,ti] is a geodesic for i = 1, · · · , k. Let q i := γ(t i ) and O i be the orbit through q i . Then O 0 , . . . , O k , q 1 , . . . , q k is a connecting sequence of orbits and points in H 0 between O and O q . Moreover,
where t i −t i−1 is the length of the path γ [t−i−1,ti] . This proves that ω(q) ∈ B r ω(p) . Now letÕ be an orbit such that d(O,Õ) < r. Then there exists a connecting sequence O 0 , . . . , O k , q 1 , . . . , q k of orbits and points in H 0 between O andÕ such that
Now put p 0 := p, and choose g 1 ∈ H 0 such that p 0 = g 1 π O0 (q 1 ). Put p 1 := g 1 q 1 . Note that p 1 is well-defined by Thm. 4.1 since g 1 ∈ H |O0∩H0 . By construction one obtains 
This implies that p k ∈ B r (p) and finishes the proof that π is a submetry. Finally in
Step 4 observe that π being a submetry implies that the topology induced by the metric d on X coincides with the quotient topology of π.
Step 5. Since the geodesic distance on H 0 is a length space metric and ω : H 0 → X a submetry, it follows by [BuBuIv, Prop. 1] that the metric d on X is a length space metric as well. Since a length space metric is determined by its values on an arbitrarily small neighborhood of the diagonal, it follows by Eq. (6.8) that d is independent of the particular choice of H 0 or the tubular neighborhoods T O , and is uniquely determined Eq. (6.8).
Step 6. In this last step, we show that the metricd constructed using a choice of H ⊂ G equals the one induced by G by means of formula (6.1), thereby proving that this indeed defines a metric, not just a semi-metric. Denote byd H andd G the two (semi-)metrics constructed using H and G. Clearly we have thatd G ≤d H . Suppose now thatd G <d H . This means that there exists a connecting sequence
and q i ∈ H 0 for some i. But by choosing balls around those points q i , one constructs a different H ′ , also Morita equivalent to G, such that q i ∈ H ′ 0 for all i = 1, . . . , k. But then we haved
It follows from step 5 thatd H =d H ′ , contradicting the previous inequality, and therefore we see thatd G =d H .
We have now the crucial ingredients for the Proof of Thm. 6.1. In this section we will show that the orbit space of a proper Lie groupoid has a triangulation subordinate to the stratification by orbit types and then will derive some consequences from this.
Recall that a simplicial complex is a collection K of (closed) simplices in some R n such that every face of a simplex of K is in K and such that the intersection of any two simplices of K is a face of each of them, see [Mun, §2] . A triangulation of a topological space X then consists of a simplicial complex K together with a homeomorphism κ : |K| → X, where |K| := σ∈K σ is the underlying space of the simplicial complex. In case the topological space X carries a stratification S, we say that a triangulation (K, κ) of X is subordinate to S, if for each stratum S the preimage κ −1 (S) is the underlying space of a simplicial subcomplex of K, cf. [Gor, Sec. 3] .
Theorem 7.1 ( [Gor, 5. Proposition] , [Ver, 3.7 . Corollary]). Let (X, S) be a controllable stratified space. Then there exists a triangulation (K, κ) of X which is compatible with S.
Since by Cor. 5.4 the orbit space of a proper Lie groupoid is a controllable stratified space, the theorem immediately implies the following result.
Corollary 7.2. Let X be the orbit space of a proper Lie groupoid G. Then there exists a triangulation of X which is compatible with the stratification of X by orbit types.
Recall now that by a good covering of a topological space X one understands an open covering V such that for every finite family V 1 , · · · , V k of elements of V the intersection V 1 ∩ · · · ∩ V k is either empty or contractible. It appears to be folklore that every triangulable topological space has a good open covering. Since we could not find a full proof in the literature, we present here an outline of the argument based on a remark by [BoTu, p. 190] .
So assume to be given a topological space X with a triangulation (K, κ). Denote for every simplex σ ∈ K by St(σ) the closed star of σ, which is defined by If the topological space X with triangulation (K, κ) is even locally compact, the simplicial complex K has to be locally finite (cf. [Mun, Lemma 2.6]) . Given an open covering U of X, one can construct by iterated barycentric subdivison of K a simplicial complex L such that |L| = |K| and such that for each simplex σ ∈ L there exists an open set U σ ∈ U with κ(σ) ⊂ U σ . After further subdivison one can even achieve that for each vertex v ∈ L 0 there exists a U v ∈ U with St(v) ⊂ U. By Cor. 7.2 and since orbit spaces of proper Lie groupoids are locally compact, one obtains Proposition 7.3. Let X be the orbit space of a proper Lie groupoid G, and U an open covering of X. Then there exists a locally finite good covering of X which is subordinate to U.
Remark 7.4. The existence of good coverings on the quotient space of a singular riemannian foliation on a compact manifold has been proven in Prop. 1 in [Wol] under the (implicitly made) assumption that for each closure of a leave L of the foliation there is an ε > 0 such that that any two closures of leaves in B ε (L) can be joint by an orthogonal geodesic contained in B ε (L). It is not clear to us whether every singular riemannian foliation satisfies this condition. Prop. 7.3 above is not dependent on such a condition and therefore appears to be a new result.
A de Rham theorem
In this section we shall prove a de Rham theorem for quotients of proper Lie groupoids in terms of basic differential forms. Let G be Lie groupoid, for the moment not necessarily proper. We denote by (A, ρ) its Lie algebroid, where ρ : A → T G 0 is the anchor map.
Definition 8.1. A differential form α ∈ Ω
• (G 0 ) is said to be basic, if it satisfies the following two conditions: (B1) ι ρ(X) α = 0, for all X ∈ Γ ∞ (A). (B2) α is (right) G-invariant.
Observe that since the image of the anchor point-wise spans T O, the tangent spaces to the orbits of G, α defines a section of the dual of N O by (B1), and therefore (B2) makes sense. This definition is of course a straightforward generalization of the well-known concept of a basic form with respect to an action of a Lie group. In terms of the Lie algebroid, condition (B2) above implies that L ρ(X) α = 0 for all X ∈ Γ ∞ (A), and when G is source-connected, this is in fact equivalent to (B2). Using Cartan's formula, one observes that the de Rham differential on Ω
• (G 0 ) preserves the basic forms. We write (Ω i) When G is the action groupoid of a Lie group action on a manifold, the definition above yields the basic cohomology of a quotient space, as in [Kos] . ii) A Lie groupoid G is a foliation groupoid when the anchor of its Lie algebroid is injective [MoMr] . In this case one finds the basic cohomology of the leaf space of the associated foliation, defined in [Rei] . • basic (G), we can consider its pullback pr * 2 β to M . Since f induces a morphism between the Lie algebroids of G and H, one can easily check that pr * 2 β is basic with respect to the action of H. (The notion of a basic differential form with respect to an action of a Lie groupoid is a straightforward generalization of Definition 8.1 above.) Therefore, since the action of H is principal, this form descends to G 0 , where it is, by construction, H-basic. These two maps are each others inverse, proving the claim.
Corollary 8.4. Basic cohomology of Lie groupoids is Morita invariant.
We now assume that G is proper, so that the quotient X is stratified with a smooth structure. Over X, there is an obvious sheafification of the basic differential forms, resulting in the sheaf Ω Theorem A.1 (Ehresmann's Theorem for manifolds with boundary). Let M be a smooth manifold without boundary, N a smooth manifold with boundary, and f : N → M a proper surjective submersion such that the restriction f |∂N is a submersion as well. Then f is locally trivial. Moreover, each fiber F p := f −1 (p), p ∈ M is a compact manifold with boundary. Its boundary is given by ∂F p = ∂N ∩ F p .
Proof. First observe that the manifold with boundary N carries a canoncial stratification given by the decomposition into the interior N
• and the boundary ∂N . Since f |∂N is a submersion by assumption, and M a manifold without boundary, there exists a nowhere vanishing "inward pointing" smooth vector field V : U → T N on an open neighborhood U of ∂N in N such that T f • V = 0 and T q N = T q ∂N ⊕ R · V (q) for all q ∈ ∂N . Then there exists a continuous map ε : ∂N → R >0 and for each q ∈ ∂N a uniquely determined smooth integral curve γ q : [0, ε(q)) → U of V such γ q (0) = q for all t ∈ [0, ε(q)). Put [0, ε) := {(q, t) ∈ ∂N × R ≥0 | t < ε(q)} and
is a diffeomorphism, and we can define π ∂N : T ∂N → ∂N and ̺ ∂N : T ∂N → R ≥0 as the uniquely determined smooth maps such that (π ∂N , ̺ ∂N ) is the inverse of γ. By construction, ∂N = ̺ −1 ∂N (0), and (T ∂N , π ∂N , ̺ ∂N ) is a smooth tube of ∂N in the stratified space N . Moreover, by the choice of V , one has that f (π ∂N (q)) = f (q) for all q ∈ T ∂N . Hence, f : N → M is a controlled submersion in the sense of Mather [Mat70, §9, p. 46] . Since by Mather [Mat70, Cor. 10 .2] every proper surjective controlled submersion from a stratified space with smooth control data to a smooth manifold is locally trivial, the submersion f has to be locally trivial. The claim on the fibers is obvious by the assumptions on f .
